Abstmct-In this paper, the formal Laplace-Bore1 transform of an analytic nonlinear input-output system is defined, specifically, an input-output system that can be represented as a Fliess operator. Using this concept and the composition product, an explicit relationship is then derived between the formal LaplaceBore1 transforms of the input and output signals. This provides an alternative interpretation of the symbolic calculus introduced by Fliess to compute the output response of such systems. Finally, it is shown that the formal Laplace-Bore1 transform provides an isomorphism between the semigroup of all well defined Fliess operators under composition and the semigroup of all locally convergent formal power series under the composition product.
Bf : W L C ( ( X ) ) -+ W(X))
: C H E : E H C , where R((X)) is the set of formal power series over the alphabet X = (~0). E is a series with coefficients (E, 0) = 0 and (2;,.,"+1) = IC! (c,.,"), Vk 2 0, and RLC( ( X ) ) denotes the collection of all locally convergent formal power series over X [15] . That is, E E RLC((X)) if its coefficients satisfy the growth condition / ( E , x,") I 5 KAdkk!, k 2 0, for some finite real numbers K,Af > 0. The formal Laplace-Bore1 transform was first used in [4] - [6] , [12] and later in [14] to produce a type of symbolic calculus for computing the output response of a nonlinear system given various inputs. What is absent in this framework, however, is the explicit notion of computing the formal transform of the input-output operator, an idea very familiar in the linear setting. Thus, the general purpose of this paper is to define this type of transform and then show how it can provide an alternative interpretation of the symbolic calculus of Fliess when combined with the so call composition product of two formal power series [ [ 111. Therefore, the specific operator class of interest is the set of Fliess operators 9 := {F, : c E Ric((X))}. This set forms a semigroup under composition, as does the set Ri,((X)) under the composition product.
It will be shown that the formal Laplace-Bore1 transform provides an isomorphism between these two semigroups.
' The paper is organized as follows. In Section 2, the notion of a formal Laplace-Bore1 transform of a mess operator is defined. Then it basic properties are explored and a set of examples is given. In Section 3, the composition product is introduced and its relationship to the formal Laplace-Bore1 transform is developed. Another set of examples is provided.
333
0-7803-828 1-1/04/$20.00 02004 IEEE
THE FORMAL LAPLACE-BOREL TRANSFORM OF A FLIESS OPERATOR
In linear time-invariant system analysis, a causal homogeneous input-output mapping is expressed in terms of a convolution of the system impulse response with the input signal
This mapping is also uniquely characterized by its system function ~( s )
In an analogous fashion, given a well defined Fliess operator, its generating series uniquely defines the corresponding input-output mapping. So the following definition is given. The corresponding formal Bore1 transform is 9f : % C ( ( X ) ) + 9
It is next shown that many of the properties of the integral Laplace transform have counterparts in this context. To facilitate the analysis two concepts are needed. 
2) Integration
3) Differentiation
In general, for the first derivative where U denotes the shuffle product. If Z : is a left factor of c then
Pro08
The properties of linearity and integration are trivial.
The multiplication property follows from results in the literature 
COMPOSITION PRODUCT
The composition product of two series c E Re((X)) and d E Rm((X)) is defined recursively in terms of the shuffle product. The definition of the composition product for the single-input, single-output case first appeared in [2], [3] . It was generalized for the multivariable setting in [7] - [lo] . where i j # 0 for j = 1,. . . , IC, it follows that
Alternatively, for any q E X * one can uniquely define a also forms a semigroup. Perhaps the most important property of the composition product is its relationship to the cascade interconnection of two Fliess operators. Namely, for any c E
(1)
Re,C((X)) and d E R?c((X))
Fc 0 Fd = Fcod. In the next theorem it is shown that the formal LaplaceBore1 transform provides an isomorphism between the two semigroups (Ric((X)),o) and ( 9 , o ) . which is just the conventional convolution sum.
13
Example 3.2: Let X = { z o ,~, . . . ,zm} and c E RYc((X)). It is easily verified for n 2 1 that
where ( 
